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H°° Robust Control Synthesis for a Large Space Structure

Michael G. Safonov, Richard Y. Chiang, and Henryk Flashner
University of Southern California, Los Angeles, California 90089

In a design study involving the use of //°° optimal control theory, a six-state control law is generated for a
116-state model of a large flexible space structure. A combination of collocated rate feedback and balanced-
stochastic-truncation model reduction techniques is found to lead to a vastly simplified four-state model of the
structure. Using a singular-value robustness criterion, the four-state model is proved to be satisfactory for the
design of a controller whose bandwidth exceeds the natural frequencies of all of the modes of the original
116-state model. Specifications regarding disturbance attenuation, bandwidth, and stability robustness are
quantitatively expressed as weighting functions in a mixed-sensitivity H°° optimal control synthesis problem, the
solution to which is computed by using the PRO-MATLAB Robust-Control Toolbox.

Introduction

LARGE space structures (LSS) pose a challenging problem
in control system design because of the large size, large

modeling uncertainty, low rigidity, and low damping that are
characteristic of the finite element models usually employed
for such designs. Among the techniques that have been used to
design controllers for LSS are frequency-weighted linear
quadratic Gaussian (LQG),1 Independent Modal Space Con-
trol (IMSC)2, positivity combined with multivariable charac-
teristic frequency loci,3'4 and modified linear quadratic regula-
tor (LQR) control.5 A major issue in applying these techniques
is in including typical LSS robustness and sensitivity con-
straints in the design methodology. Also, the high-order LSS
model makes application of these techniques inefficient and

often results in high-order controllers. The H°° optimal control
approach, when combined with an appropriate model order
reduction technique, can overcome these difficulties.

Solution of the H* control problem can be achieved using
several different approaches, e.g., the now-obsolete meth-
ods4>6~9 and the more recent two-Riccati descriptor-system
methods.10'13 These methods are implemented by the Robust-
Control Toolbox software package developed by Chiang and
Safonov.10

The ff°° design approach allows the control analyst to pre-
cisely shape the frequency response characteristics according
to the performance specifications. Yet, in marked contrast to
other design techniques, the//00 procedure is extremely simple.
Oiie needs only to specify the plant model and performance
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Fig. 2 Singular-value Bode plot of LSS open loop.

and robustness specifications in the form of weighting func-
tions and then an H°° software package, such as the Robust-
Control Toolbox, can automatically compute an H°° con-
troller. In this paper, the H°° design method is used to design
a controller for active attenuation of structural vibrations in a
large flexible space structure. The control design objective is to
achieve at least 100:1 reduction in line of sight (LOS) error
with respect to open-loop performance in the presence of dis-
turbances over the frequency range of 1-15 Hz.

The controller design in this paper was obtained via the
following four steps: 1) collocated rate feedback to damp im-
portant modes and facilitate model reduction; 2) squaring-
down compensation, which selects suitable linear combina-
tions of control actuators; 3) model reduction of a 116-state
model to a four-state model using the Schur balanced stochas-
tic truncation (BST) algorithm14; and 4) H°° optimal feedback.
The four-step design strategy and the issue of robustness, per-
tinent to both H°° and model reduction, are discussed in detail
in the remainder of this paper.

The complete design work was carried out using the Robust-
Control Toolbox and PRO-MATLAB on a SUN 3/50 work-
station.

Plant Description and Design Specifications
In this section, we describe the mathematical model of the

plant and the control system design specification.

Plant Description
The LSS model was generated using the NASTRAN finite

element program by TRW Space Technology Group. It con-
sists of 58 vibrational modes with frequencies ranging from 0.4
to 477 Hz. The damping ratio is 0.3 for the first two modes and
0.002 for the rest of the modes. The first two modes corre-
spond to rigid-body tilt about the x and y axes; the heavy
damping of these modes results from mechanical dampers
through which the structure is attached to a massive base. The
structure is controlled by 18 actuators commanded by one
central computer with a sampling frequency of 3000 Hz. The
actuators are grouped in three locations: six are at the primary
mirror, six at the secondary mirror, and six on structural mem-
bers, as shown in Fig. 1. Twelve disturbances are acting on the
top and bottom of the structure to simulate the real enviro-
mental vibration source. There are 20 sensors located at vari-
ous locations in the structure. The most important sensors are
the two LOS position sensors. The remaining 18 sensors mea-
sure rate of change of position and are collocated with the 18
control actuators. Figure 2 shows a singular value Bode plot of
the plant open-loop transfer function matrix from the 18 con-
trol actuators to the 20 sensors.

A state-space representation of the open-loop plant is

x = Ax + Bu

y = Cx
(1)
(2)

16, 5€(R116x30, and C€(R20x116.
The complete state-space model can be found in Safonov et

al.15 The theory of structural dynamics can be found in
Clough.16

Design Specifications
The LSS design specification requires the LOS error to be

attenuated from an open-loop root-mean-square (rms) value
of about 20,000 /xrad to not more than 200 pirad after the
feedback control loops are closed. The power spectrum of
open-loop error signal is contained in the frequency range 0-15
Hz. Thus, we need to design a controller for the LSS such that
the two LOS errors are attenuated 100:1 for disturbances
whose power spectrum lies within this frequency range. Allow-
ing for a 30-dB/decade rolloff beyond 15 Hz places the control
loop bandwidth at roughly 300 Hz (« 2000 rad/s). In terms of
inequalities to be satisfied by the open-loop singular value
Bode plot, these specifications are as depicted in Fig. 3.

Singular Value Bode Plot Specification

102

Rad/Sec

Fig. 3 LSS singular-value specification.
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Fig. 5 Plant open loop: six mirror actuators to two LOS sensors
(before and after rate feedback).

Together with H°°, we choose singular values as our design
tool. Singular values quantify the robustness, sensitivity, and
disturbance rejection of a system.17

Control Actions
Our design strategy for the LSS's LOS loops is as follows

(see Fig. 4):
1) Use the 18 collocated rate feedback loops to damp some

of the structural modes (inner loops), to facilitate model reduc-
tion and to make it possible to use the six primary mirror
actuators to control the two LOS outputs (outer loops).

2) Square down the plant to a 2 x 2 transfer function matrix
by selecting two linear combinations of actuators that are ef-
fective for controlling the two LOS outputs.

3) Find a reduced-order model of the 116-state plant with
collocated rate feedback loops closed.

4) Use the H°° control design method to push down the
sensitivity in order to achieve the requisite 100:1 disturbance
attenuation over the frequency range 0-15 Hz.

We will discuss each design phase in the following sections.

Collocated Rate Feedback
Using collocated rate feedback to damp a passive structure

is the easiest and least expensive control approach.18 Collo-
cated rate feedback is robust; it can never destabilize a passive
structure due to its passivity characteristics,19 provided actua-

tor and sensor phase lag is smaller than ±90 deg inside the
rate-feedback control-loop bandwidths. That is, it guarantees
a phase margin of at least ± 90 deg in every feedback loop even
when the phase variations occur simultaneously in all loops. In
addition, rate feedback simplifies the input-output relation of
the system, tending to drive some lightly damped poles toward
zeros, thereby allowing more effective model reduction in later
stages of the design. When the rate loops are closed with
proper gains, poles tend to move further to the left in the
complex plane or move toward lightly damped open-loop ze-
ros. Those modes that approach open-loop zeros become
nearly decoupled in an input-output sense from the sensors
and/or actuators in the rate loops. The resulting model can
then be reduced using more advanced model reduction tech-
niques such as Hankel MDA,20 Schur balanced truncation,21

or Schur BST14; software implementations are available as
functions in the Robust-Control Toolbox.10 Once a reasonably
sized model is obtained, the H°° control design method can be
applied to obtain a controller of order comparable to that of
the reduced plant model.22

After the collocated rate feedback loops are closed, the state
dynamics become

x=(A-Bl8KCl8)x (3)

where Bis consists of the first 18 columns of B (corresponding
to the 18 control actuator inputs)

5i8 : = (18 control actuators)

and Cig consists of rows 3-20 of C; in our case,

C18 : = Bjg (collocated rate sensors)

The collocated rate feedback gain chosen was

where K\ = 5000 76 for primary mirror actuators, K2- 10,000/6
for secondary mirror actuators, K3 = 20,000 76 for structure
member actuators, and /e denotes the 6x6 identity matrix.
This set of gains was selected based on trial and error.15

The singular value Bode plots of the 2 x 6 transfer function
matrix from the six primary mirror actuators to the two LOS
sensors are shown in Fig. 5, both before and after the rate
loops are closed. As may be seen from Fig. 5, the singular-
value Bode plots after rate feedback lose the jagged peaks and
valleys as some poles become better damped and others move
toward lightly damped zeros when the rate-feedback loops are
closed. This smoothing of the Bode plots greatly facilitates
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Fig. 8 Slow/fast decomposition of 116-state 2x6 model (after rate
feedback).

matching the frequency response data with a simplified re-
duced order model.

Squaring Down and Model Reduction
Robustness Issue

Before attempting model reduction, we must address the
question, "How accurate must a reduced model be in order to
be reliably used?" Singular-value Bode plots of a reduced
plant model and the modeling error provide the information
needed to answer this question.

Let G(s), G(s) € Cnxn be a true plant transfer function ma-
trix and its reduced model, respectively. Then, the additive
modeling error is defined as (see Fig. 6)

A : = G-G

The following theorem and definition quantify the tolerable
size of A in terms of singular values and establish a relationship
with the achievable control-loop bandwidth. In the following,
a and a denote the minimum and the maximum singular value,
respectively.

Theorem 1. Consider the system shown in Fig. 6. Suppose
that the perturbation A has no unstable poles and that the feed-
back F stabilizes the nominal plant G. If for all frequency o>

(4)

then F stabilizes the perturbed plant G.
Proof. See, for example, Chiang and Safonov.10

Definition 1 (see Fig. 7). Given G, G, and A as noted
earlier, the robust frequency is

cor : = maxaj|a [ > a(A(y'co)] j

The significance of the robust frequency in the context of
model reduction is that the robust frequency cor is an upper
bound on the bandwidth of any multivariable control system
that can be designed without violating the sufficient condition
for stability [Eq. (4)] at some frequency within the bandwidth.
Loosely speaking, the bandwidth cofl of a control system is the
frequency range where the loop transfer function is large, i.e.,

o(GF) > 1 for all co<o>B

Notice that for oj<cofl where Eq. (5) is satisfied one has

(5)

(6)

and, hence, Eq. (4) becomes approximately a(A)<a(G). Thus,
one has^the following robustness criterion23:

If a(A)<a(G) for oj<w r (with A and G open-loop stable),
then the closed-loop system will be stable provided that the
control bandwidth is less than the robust frequency o>r. (This
is only sufficient, not necessary.)

The implication is that to achieve the bandwidth of 300 Hz
(«2000 rad/s) specified for the LSS, it should suffice to use
any reduced model having robust frequency wr >2000 rad/s.

Note that our robustness criterion requires that G be square
since a is only defined for square matrices; this assumption
cannot be relaxed. Accordingly, the 2-output-6-input LSS
plant must be squared down with a suitable 6x2 pre-compen-
sator before we can apply the robustness criterion. Note, how-
ever, that if the squaring-down precompensator were the pseu-
doinverse of the plant, then one may easily show that the av
computed from Definition 1 before squaring down would nec-
essarily be at least as great as that obtained after squaring
down. In practice, of course, pseudoinverse precompensation
usually cannot be exactly realized without unstable pole-zero
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cancellation, but we may use a constant approximation of it.
More sophisticated methods for computing squaring-down
compensators are described by Le and Safonov.24

Squaring-Down Compensator Design
The LSS transfer function matrix from its six primary actu-

ators to its two LOS sensors after collocated rate loops are
closed can be decomposed as follows (the complete model with
all mode frequencies after rate feedback is listed in Safonov et
al.25):

yields

G = Gs f (7)

where Gs has the slow modes (60 states), Gm the midfrequency
modes (46 states), and G/the fast modes (10 states). The singu-
lar-value Bode plots are shown in Fig. 8.

Clearly, a(Gf)<a(Gs + Gw), and so it follows from the ro-
bustness criterion that G/ may be discarded from the model.
Furthermore, the corner at o>=10 rad/s and the first order
20-dB/decade rolloff of the Bode plots of Gs suggest that it
may be possible to model Gs as

Gs(s) : = Cs(Is -As)~lBs 1)]CSBS

Choosing the precompensator P to be the pseudoinverse of
CSBS

P : = (CSBSY

GSP
fl/Cs
L o

A singular-value Bode plot of this two-state reduced model
GSP and the error GP -GSP is shown in Fig. 9. The plot shows
the robust frequency to be at cor = 800 rad/s; this is too low for
the specified 2000 rad/s control bandwidth. A more sophisti-
cated model reduction procedure was required to identify a
reduced-order model with the requisite robust frequency of
2000 rad/s or greater.

We were able to achieve the desired robust frequency using
the Schur BST model reduction algorithm.10'14 However, a
slight modification to the Schur BST procedure was required
because BST requires that the model being reduced be full rank
at frequency infinity. In our case, the model being reduced
G(s)P is zero at frequency infinity. To overcome this prob-
lem, we added a small rank-two constant matrix D to G(s)P9
taking care that a(D)<a[G(ju>)} for all o> in the proposed
control bandwidth, i.e., o><2000 rad/s. We then applied
Safonov and Chiang's Schur BST procedure10'14 to the aug-
mented model G(s)P +D and subtracted D from the resulting
reduced model to obtain a four-state model that is zero at
frequency infinity. The singular value Bode plots in Fig. 10
indicate that the four-state reduced model thus obtained has a
robust frequency ov=2x 106 rad/s, well above the specified
2000-rad/s LOS control-loop bandwidth.
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Fig. 9 Two-state model with robustness criterion.
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Fig. 10 Four-state reduced model vs 116-state original.
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Fig. 11 Weighting strategy for H°° design.
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Fig. 12 H°° design results.

This four-state model (listed in Appendix A) is ready for
outer-loop H°° optimal control design.

H°° Controller Design
In this section, we describe how we applied the H°° optimal

control theory to the two-input-two-output four-state reduced
model G(s) of the squared-down LSS with rate feedback. An
H°° optimal control design results in a controller having degree
n -1 (or less) where n is the combined degree of the plant and
weights.22 Thus, the model reduction performed in the previ-
ous design step was essential to ensure that the degree of the
H°° controller would be acceptably small. For further back-
ground on the state-space H00 theory, see Refs. 11-13 and 26,
wherein additional references may be found.

We begin by describing how we transformed the LSS design
specifications into the two-block mixed-sensitivity H°° prob-
lem framework exactly as was previously done for the aircraft
example of Safonov and Chiang.26 For the LSS, we represent
the performance and robustness specifications by the weighted
mixed-sensitivity H°° inequality

; 1

where

T •-Iy^'-

W\(s) and W2(s) are frequency-dependent weighting func-
tions, and 7>0 is a design parameter. The weights W\ and W2
are chosen to reflect the robustness and bandwidth require-
ments, viz. 100:1 disturbance attenuation and 2000-rad/s
bandwidth (see Fig. 11).

The selected weights are given in Appendix A and Bode plots
of I/1 W{ | and | W2\ are shown in Fig. 12. Note that the 0-dB
crossover frequency for | W2 \ is chosen to be precisely the
desired maximum closed-loop bandwidth of 2000 rad/s. The
real parameter 7 is used as a design knob that is iteratively
increased until our H°° software package informs us that the
inequality HT^Joo^l can no longer be satisfied.

The augmented plant P(s) is the only input data to the
Robust-Control Toolbox software program. The iteration on
7 proceeds as follows: If there exists a stabilizing controller F
for which supaCT^ ,„,)<!, then the program finds one such
H°° controller. We iteratively increase the coefficient 7 of W{~l

until the singular values of S and (7 - S) are pushed against

their limits y~lWi and W2; the singular-value Bode plots then
assume the shape of the Bode plots of \y~lWi(ju)\ and
I JPiO' w) | as a consequence of the all-pass property that is char-
acteristic of all H°° optimal control systems (e.g., Francis6 and
Safonov et al.8). If we were to increase 7 too far, this would
result in either closed-loop instability or the supa(Ty {U}) > 1. In
the present case, the optimal 7 is found after several iterations
to be 7 = 1.78125. The singular-value Bode plots of S and /— S
for this value of 7 are shown in Fig. 12. Clearly, the design
specifications have been met completely (actually exceeded).

After the H°° design, we connected the H°° controller to the
116-state plant and examined the singular-value Bode plots
(see Fig. 12). As one would expect based on our robustness
criterion, the plots deviate only insignificantly from the four-
state plant case.

Finally, the continuous H°° control design was discretized
for use at a 3000 Hz sampling rate via the s -plane to z -plane
conformal map

= 6000f_£zJ_l
Ll + (z/0.8)J (8)

yielding the discrete-time control law given in Appendix B.15

Note that the state-space realization of the control law given in
Appendix B has six states, which agrees with the theoretical
prediction22 of at most n - 1 for an n -state augmented plant
since in this case n = 8.

The final optimal H00 controller sampled at 3000 Hz and
applied to the 116-state linear model achieves the following
performance (see block diagram Fig. 4)15:

1) 2000 rad/s (318 Hz) bandwidth.
2) 20.682 jurad rms error in LOS (1000:1 reduction), see

Fig. 13.
3) At least a 10-12-dB gain margin and more than 50-deg

phase margin in each feedback loop.
4) The capability of tolerating at least ±10% plant uncer-

tainty without instability (this follows from the fact that the

O. O2O- - -

3 o. 0-4 - - 4 - -

-o. 010- -

-o. 020- -

5. O-

in <*. o-
O ;

X 3- O-^

1. O-_

1 r°" °":

3-D

12. O 13. O 1<». O 15. O 16. O 17. O 1S. O 19. C 2O. O

Time (sec.)
Fig. 13 Simulated LOS time history showing effect of closing analog
referenced back loops and the digital H°° loops.
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closed-loop singular-value Bode plot of the complementary
sensitivity is bounded above by 3 dB, see Safonov et al.17).

Conclusions
Using a combination of collocated analog rate feedback,

Schur balanced-stochastic-truncation (BST) model reduction,
and digital H* optimal feedback, a robust multivariable con-
troller has been designed for active vibration suppression for a
116-state model of the large flexible space structure. Using
collocated rate feedback to precondition the plant for model
reduction and our robustness criterion to quantify the model-
ing accuracy required to achieve our given disturbance attenu-
ation and control bandwidth objectives, a crude four-state
reduced model (which we found via the Schur BST model
reduction method) was proven to be adequate throughout the
entire bandwidth covered by the modes of the original 116-
state model. Specifications for disturbance attenuation, band-
width, and stability robustness were easily formulated in the
framework of a weighted two-block mixed-sensitivity H°° opti-
mal control problem. The H°° design procedure itself was di-
rect and automated, enabling direct manipulation of distur-
bance attenuation and robustness tradeoffs.
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Appendix A: State Space of the LSS Four-State Model (Squaring-Down Filter Included)
and the Weighting Functions

-1.19380+02
3.22760+01

-4.05900+02
2.00750+01
2.82180+01

-3.89880+01

1.87880 + 01
-1.14170 + 01

6.43530 + 01
1.82030 + 02
1.46780+01
1.97000+01

-8.20910+01
2.25100+01

-2.81760+02
7.78490+00

-7.12890 + 00
1.31010 + 01

-1.41850 + 00
1.07170 + 01

-4.89770+00
-3.42130+02

5.21350-01
6.54140-01

1.35310+00
-8.57190-02

4.57090+00
-8.31850 + 00

0
0

-1.65780+00
6.39270-01

-5.63140+00
-5.27420+00

0
0

w* 1 X 10-6s2 + 2 Xl0-4s + Ix lO- 2

where 72 denotes a 2 x 2 identity matrix.

2000

Appendix B: State-Space Matrices of the //°° Controller
Lc 1 ^J

-2.3541* +07
1.9468* +07

-1.1965* +04
8. 1782* +03

-1.8490* +02
1.1637*+01

-2.5610* +06
3. 4464* +06

2.6678* +07
-2.7699* +07

1.7892* +04
-1.0096* +04

2.4863* + 02
-3.7186* +01

3. 4742* +06
-3.9075* +06

1.6391* +08
-1.7889* +08

1.1775* +05
-6.3310* +04

1.7508* +03
-4.5035* +02

2.2230* +07
-2.4010* +07

-2. 1089* +08
1.9010* +08

-1.1925* +05
7. 6692* +04

-2.0602* +03
-4.0294* +01
-2.4535* +07

3. 0879* +07

-1.1029* +09
1.0930* +09

-7. 0322* +05
4. 1284* +05

-1.1240* +04
1.3178* +03

-1.3835* +08
1.6152* +08

2. 1272* +08
-3. 2999* +08

2.3158* +05
-9.3792* +04

2.7418*+03
-2.0888* +03

3. 8778* +07
-3. 1192* +07

1.4087* +09
-1.4824* +09

9.6773* +05
-5.3753* +05

1.3737* +04
-2.3484* +03

1.8547* +08
-2.0634* +08

-4.6342* +08
3.0814* +08

-1.7381* +05
1.5551* +05

-3. 3966* +03
-6. 1948* +02
-4.2794* +07

6.7819* +07
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